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Mathematical Principles of Local Gauge Field Theory

Shunzhi. Dai
Department of Physics Grade 2016 Instructor: Xudong. Wang

Abstract: In this paper, we had studied the mathematical principle of gauge field theory
by means of differential geometry. This paper is divided into four chapters: In chapter
1, we reviewed the histories of gauge field theory; in chapter 2, we briefly introduce
the tensor algorithm and Cartan-Killing form of trivial principal bundle; In chapter 3,
we described the connection and curvature on the Principal bundle, and discussed the
some properties of the Yang-Mills action, and give the integral inner product type of
the yang-mills action by using Hodge dual, and finally, we obtain the euler-lagrange
equation that the yang-mills action satisfies by using the minimum action principle;
In the chapter 4, we summarize the whole paper and give some prospects.

Key words: Gauge Field Theory; Yang-Mills Theory; Differential Geometry; Principal
Bundle
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*: A1(P) - A" 9(P);

dxP1 A - A dxPa - (3.10)
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FRA Yang-Mills $7 X & .45 5 43 2 R &6 A4S R N Yang-Mills $7 &

L= —%G v 9" 9P Fap = —q;g““g””’Fﬁv ap
HA Gy, 2 IEAT—1LH Cartan-Killing . R H AT H—25&TF Yang-Mills 1E
FH &= [ 15

fr R 3.2 Yang-Mills 15 FH & A& T AR ).

EB H(3.8)(3.11)EN%E

1 1
Sa =3 f tr(FRUfUT N FRUSUTY) = 5 f tr(Fifo AFRfy) = Sa,
RM R™
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Horp f AR R L.

#rf% 3.3 R*I Yang-Mills {E FH &2 3L T AR 1.
WEBH ZER*ILIEARMRIIERT, FERUAERE L N X A A i
I = G = 2% Gy
guv N guv — _Q—Zguv’
FTLL Yang-Mills 7 5 5 Levi-Civita ik & 4% N X FEAL H

- 9 e qa’ _ _
Ly=La=—F "GP FiyFap = = 07 g g P FiyFog = Q7L

1 1
€—>€=,/—ge= (—Ewpagulgvzgpsgﬂ)zg = 94(—5wp09ulgvzgp3ga4)2€ = 0%,
TR

3.4 Yang-Mills 572
1 gl q o T 7 STEMIE AR ¥ 3 2
S’ =USU™Y, (3.13)
MIXF(3.13) 57453 21|
dS' = dU ASU™Y + UdSU™' + (-1)IUS AdU?,
ZEHGIHIN0 =dUUY) =dUU +UdU™, N ERW AU LdUT,
e SEEEE
dS"+ A'AS' — (=1)IS'ANA = U[dS +AAS — (=1)IS AAJUL,
EN 3T EX
DS =dS+AANS—(=1)IS A4, (3.14)
MAD,S" =UDSU.
HEERNG5)EG.)WHEG.14), TRILAFH]
D,B=dB+AAB+BAA;
DoFy =dF, + ANF, —F, AA,
XA G A J5 Bt T+ L
#T % 3.4(Bianchi %)
D,F, = 0. (3.15)
LB XTF, = dA + A A AFIELS M43 15 3]
dF, =dANA—ANdA
=(F,—ANANA—-—AN(F,—ANA)
=F,ANA—ANF,,
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3:7‘%DAFA = dFA +A/\FA _FA/\A == O
|
W — N LS, BRAWHLG.5)Mefi1in %R, N Yang-Mills 1FH & 1)
N

Kot

S -S
5S, = lim =284
t—0 t

HH AT AT HE ) Yang-Mills /F FH &% & ] Euler-Lagrange J7 %, #£A Yang-Mills
JitE.
ik 3.5 (Yang-Mills 77 #2) Yang-Mills 1 F &3 &£ i) Euler-Lagrange /724
D,*Fy = 0. (3.16)
WEB AT R Fy s
Frop = d(A+tB) + (A +tB) A (A + tB)
=(dA+ANA)+t(dB+AANB+BAA)+t?BAB
=F, +tD,B + t*B AB.
AR N RR e Vet . PR AT 74

Sat+tp = E (FA+tBJ FA+tB>
1
= E(FA +tD,B + t*B AB,F, + tD,B + t*B A B)
1
= E(FA:FA> + t(D,B, Fy) + 0(t?)

=S, + t(D4B,F,) + 0(t?),

T
Sastp — S,
5S, = ztirgM = (DB, F,).
TIEEATRAEASS, = (DB, Fy) = 06 S D, *F, = 0.
Wy

D,B A*F, — B AD,*F,
=({@dB+AANB+BAA)YANF,—BA[d*F;, + ANF, — (—1)""2*F, A A]
=d(BA*F) +AANBA*F,— (D" IBA*F,AA
= D4(B A "Fy),
It A

f tr(B AD,"Fy) = f (DB AFy) — | tr[Dy(B A E)]
Rn

R™ R™
BV LERM 110t Lk BB K15 D, (B A *Fy) = d(B AYFy), T2
Stokes & ¥ . E115 2|
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R™ OR™
SN
6SA = <DAB, FA) = f tT(DAB A *FA) = 0,
It eA
f tT(B A DA*FA) = 0.
R

AR AR R R (35 KIBIIGL, WD, F, = 0.
|
WP IE L A2 39 2 Noether 5 B gfH 15070 37, R XF TR Yang-
Mills /£ H &

1
Sa = §<FA'FA> —(4,)). (3.17)
BHRBGATHENMEREN
0=246S, = ltaow

= (DAB, Fy) — (B.))
=fwwAaw&—vn
Rn

A AR R B FIBI AL, TS5 2(3.17)3 /£ 1Y Euler-Lagrange J7#2£4
Dy*Fy =7, (3.18)
(AR N EVRIT Yang-Mills 5 FE.
BATREAE Ry i A AR 2 )18 Bianchi 1H%5 505 &R 1 Yang-Mills 77 F2. Jm A4
FRERT, (3.15)0 LS AL

0= gDme,dxp Adx? AdxY

q (_1)s+3(n—3) .
= EDPFMV Wepﬂvﬂl HUn-3 (dxﬂ1 N A dx,un—3)

1
= (—1)s+3(=3) —( 1 712 ( EHVPHL Hn=3 o ) (dx,, A--ndx, )
= (=133 (n 33)| Dp*Fp"l"'“”‘3*(dx#1 A A dx#n_s),
AT 78 AR
Dp*Fpﬂ1-..Mn—3 = 0, (319)
(18T LLS K
q 1
= (Z(n — ) DpF'uVEHVyl..'yn_z - m]ae(lp#r“#n_z) dxP AdxBr A - A dxtn-2
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q 1
= (Z(n _ 2)' DPF“VEHVﬂl"'ﬂn—z —_— mlaeapyl...un_z

= (12173 (=3 D, P8l 4767 *(dx,)
= (D (=qD, PP +7) " (dx,),

EFONF e B AR

1
Dot = =% (3.20)
755 K Hn = 4 KL Lie BEAU(DI, @IS 4B R, (3.19)(3.20)8E% 5

7 Maxwell FREHAMHEEA (L= B) .
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ENE AGERYE

I UL BT, AT — AR EEAR i — PP RS H T Yang-Mills
T FRARLEN, IR TAE R Ty B8 TAEEA AR R Sog R na
JIECES o — T TH, FIVEIZ 8 A SEITEAE I S WU tHE AR o Jeg ik 1) 55— 1 S 3L
H—J7H, MIERSMWETRE B ARRAE. GBI,

EIRA SO IR 1 2~ LA 25 ) SO TE B e, RO 40 N 2538 vl LR )
Ly 25 B2, XIS ARSI E R . ) 22 i 2 0 RS T4 1
X b, X HEA AP A

TATATLAAEG DG 17 R E I —2 5 U e (BERD JEoR I,
PR 235 44 3R M5 B Chern-Simons T, 3 4k JEM L1 Chern-Simons
TEHEN

&S=L/TQMAA+§AAAAA) 4.1

Chern-Simons T R f77E T A B4 25 rf, HAMEI 52 4 RIRE M 4R M@ P v e,
FEATEGAE 2 3| 2 SRRl

b, BIRARSCR I T RE AT, AR — LR REMR UL ] 7 5]
ul, CEHFEAIRETEAPIERA, X530 2 Ho5 RR SR (3.2)8b
T HIRIE, Lhn EE St AR (3.5) (3.8)(3.13)(3. 14) 18R 1)
S PERE A b 5k B AR b R BI0S),(3.18) 55 T SR IR IR B AL 78 70 X
Seth 7 A R — R R B
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B A

A )R T ASCIHE RS 2058 . RS S A EndE T BH i 2R
Srdgf i Lie BEG_ERISEH.
Al iR

XTI Y, AMEM Dirac ifsbric s, Bai(xH) = (0, -, x™1); H
RMAIFERLTT B4R bR, TE g SH = Sy, g T, =TV

AT J3 Lie RECK R H 1) BN 845,
A.2 Levi-Civita 75

Levi-Civita ff'5e&— MO0, n) K EHE (7)), FERIMIFR TR
N

€= dx*t A AdxPn =dxO A Adx™ T,

Tl
Horb oy ey, o, FEFTA JRIEBAAAR T 38395 2 40 T 8 X
+1, Uy - e BB
Euyopn = 0,y e up AR E
=1,y - Uy T E

gﬂf"#n

A3 T
It R — M 3y, BN Levi-Civita 5K &3, 78RR R FERRK
1
€=.,—ge= Eeul...“ndxﬂl A Adxtn = [—gdx® A Adx™1,

Horie, o = 980, 97 RFBANE R EERTK = 11751 20 G IR AR T 2
i) Levi-Civita 5K =370 8N

ch1bn = eh1bn,
N
A4 | X Kronecker 5
FATiD
55; 55111
Sytar=det| o i,
5511 552
SRR R AR
1)
Pl _ n Hn .
51,;,,,1,: =n! 5[1,11 51/:],
2)
€y, v €F1HN = £, L, g1 = —§ITTET,
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3)
H1Un—-1Q1 __ oH1"Hn-1,
6V1"‘Vn—1“1 - 6V1"'Vn—1’

HyHn—20102 _ 21 6#1"'#11—2.
V1 Vp-2Q102 FT V1 Vn—2’

HiHn—q®1Gq |5H1"'#n—q_
vl...-vn_qal...aq q' vl...vn_ql

Hila0yQp—2 _ _ | SH1M2,
5V1V2a1"'an—2 = (n-2)! 5V1V2 ’

H1&q"An—1 _ _ 1 SH1.
S e = (= DY

6a1...an — n'
aq-Qn L]

A5 &R
AT R bR ) & SO FREAE S /E W R 2

1
Ty pn) = 3 Eo (g ttm) Tyt
o (py - pin)
Horbo(uy -+ pup) /e phy -+ pn 11— B HL.

A.6 Lie BFFEEMIFE
Lie ACEH—2H A= oo {I, 1 2
Ua In] = fabele
Hrf, A Lie BEGMHEL HTHRATAX S Lie B _ENIERR, AR 5%
FapciBHFOPE, £, ey,
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% B

AN By i Maxwell J5 R HE A5 1 FLE 37 B 2 I3 T AR
B.1 fF5241%E

D 73 AL b
xt = (x9,x),x° = ct;
2)[E R
I =N = diag(—1,1,1,1);
3)FTE s
) 1

Al = (A°,A1), A% = —¢;

4)sFrER

JE=(°%75),J° = cp;
5)Maxwell /5 F24H

VXE = aB- B.1
V-B=0; (B.2)
VXB = +16E- B.3
P
V-E=— (B.4)
€o

B.2 HE7KE
RGNS SR ER G, RN 585 B 5 #3758 8 E n] DA IS H B3
KEE,, = 0,4, — 0,A,.
B=VxA
i ijk 1 ijk 1 ijk
= B' = eV9;A, =€ (04 — 0, 4;) = € Fyi;

A
E=-Vp——

= Ei = —ai(—CAO) - CaoAi = C(aiAO - aOAi) = CFiO'
. -1
Fip = —Fo; = —F* = F% = - Eu

Fjx = F/* = €UkB,.

o 0 8 2050
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0 1E 1E 1E 0 1E
C 1 Cc z Cc 3 Cc 1
1 1
“E, 0 B,  -B, —-~E, 0
Ep=1|¢ PR =1
nv 1 ) 1
—E —-B 0 B -—-E, -B
c 2 3 1 c 2 3
1
EE3 BZ _Bl 0 __E3 BZ

B.3 Bianchi [EZ R
H(B.1)#3 %

0B
0=VXE+—
ot

. 1 ..
= €Y%0;(cFyo) + 0, (E E”ijk)

ijk 1 ijk
=€ aijo + EE 60ij

1 ijk 1 ijk 1 ijk
= EE aijo + EE aijO + EE GOF}-k

1 .. 1 .. 1 ..
ZEELJROaijO+EEUOkajFOk+§610]kaoP}_k

1,
= 5 €70, F,,.

H(B.2)13 %I
0=V-B
s o)
= %Eijkaiij
= %EOij"E)iij.

%57 P43 Bianchi fH55

1 ivpo 1 0ijk
56 avaJ +§6 Oiij =0

1
= S €MP9,Fpy = 0,
EERS QNN P

*FHV — %EHVPGF;)J,

RIS AR R Oy

20




B 0 ! E L E B 0 ! E
1 c 3 c 2 1 c 3
*FI'“/ = 1 1 ) *FH.V = 1
B, —E; 0 ——E; -B, —E; 0
c c
\B E ! E 0 / \ B L E ! E
3 2 1 3 c 2 c 1
B.4 &JEH Yang-Mills 572
H(B.3)%5 2
=VXB 1 9F
MO] - C2 at
i ijk 1 mn 1 i0
= o' = €70, (§ekmnF )—C—ano(—cF )
1, . . .
= E((S,‘n(?,]1 - 6,‘16,],1)0ij" + 0y F'°
= 0;F" + 9F*°
= 0d,F".
1 (B.4)73 2
P _ V-E
€o
0
= I —co;F*°
ce
]0
= = 0,F%
gz !

= UoJ° = 0,F% + 9,F° = 9,FO.
e BIAS &R I Yang-Mills 772
Oy FY + 0;F% = poJ" + poJ°
= 0,FY = poJ*.

TR, BATHEH T Maxwell J7 P24 FT AN J7H£(B.1)(B.2)5 Bianchi {45055

s AP TTFEB.3)(B.A)TES &R T Yang-Mills J7 FEEEA.
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o IR ARG RSO AR R, A — BBk FI L. AT 2
FIEM, mERRGE T MR AEERRS, RETAERET . fRFRAL,
WG IXFERRES, FRA TAEV R IXFE AP B AE, DLR T7E 2018 4F |
PAERMIEH I 1o PregfE2 i, XA T, AT EH THEE.

B2, IRERGHRGH F AR ZN. 2017 4EE, FIOARZINE AR ETT & T
BEFHWE UM IREE . G105 ST UG R, FRASBEERMRFE R 5 e b5
[RTRRI, X HREETE 55 To /R i R AR bR e 5 7R i 2] . COWL 7R 2 ST P AR ST,
& P ERAEE M EET FM I FE, RETHREIX P AR S EO0 B2,
LR AR 2B iR R, R A5 I e T . R RS
(AR B ] B, R U [ A FR IR ST X — 1), T I S R i KRS B4
T IR —2EFE WEAT 2018 4 9 HH — KA Schwarzschild #1155,
BAT 2019 £ 7 A — XS INAEMESARSWNE . RIXE TEIAITE
JBZR 2T FH B o

O H A BRI R 2 miE . M 2017 FERHE, KR53 EER=
T o LT L T ORI TSR, At LR G b T S ) e B iR A A g
FEPAREB R . B2 X R AR AT

RS R RN R HAR AR ER, ERMEIRAT TR
EH Z AR, MikbeE T AMINE S E S, BB TR 7RI,
I A TERR T B .

R AR R XN FHT kel R EARRHRIA R R,
Bt FARME, BEAGER T — SR SR AT R T 2 5 R, kA AT ]
FE2ES] . ARSI B

SRR ACEE . ABATTAEYD BT _E 0 3R SRS FRAE X DU AF LR 8 220 0l

1R 581X SCERT, BANH T TRFEE A, REZAE A CREE %
NGRS o AR R RIS R, AT LA SRS RN, R & A
E'E
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